Abstract. For each 2 ≤ n ≤ ∞, we construct an uncountable family of free ergodic measure preserving actions α t of the free group F n on the standard probability space (X, µ) such that any two are non orbit equivalent. These actions are all "rigid" (in the sense of [Po01]), with the II 1 factors L ∞ (X, µ) ⋊ α t F n mutually non isomorphic (even non-stably isomorphic, when n < ∞ !) and in the class HT s . §0.
OE ergodic p.m.p. free actions. While it was known that non uniform lattices in higher rank simple (say) Lie groups with finite center, like SL(n, Z) n ≥ 3, produce uncountably many non OE free actions [GG88] , it is only recently that we learned that this property was shared by all infinite groups with Kazhdan property (T) , and thanks to another reason (bounded cohomology) by many torsion free finitely generated direct products Γ 1 ×Γ 2 , including non trivial (l ≥ 2) products of free groups like F p 1 × F p 2 × · · · × F p l , p i ≥ 2 [MS02] .
On the other hand, the situation for the free groups themselves or SL(2, Z) remained unclear and arouse the interest of producing more non OE free actions of F n than just the two given by [CW80] (more precisely in producing ways to distinguish them from the OE point of view), reaching the number of 3 in 2001 [Po01] , then 4 in 2002 , for each finite n ≥ 2.
Meanwhile, a certain rigidity phenomenon has been detected, behind the notion of cost [Ga00] or l 2 Betti numbers [Ga01] , showing in particular that the rank of the free groups is an invariant of OE, as well as the virtual Euler characteristic of groups. As a consequence, all actions of finitely generated free groups were shown to have trivial fundamental group ([Ga00] or [Ga01, Cor. 5.7] ).
But these techniques have no hold on various actions of the same group. A new notion of rigidity for actions of a given group has been found in [Po01] (Def. 5.10.1), called relative property (T). It is an OE invariant, is satisfied by certain actions of the free group F n , 2 ≤ n < ∞, and not by others, and led to the already mentioned third example by way of countability of its outer automorphism group (5.3.3 or 8.7 in [Po01] ). This property will be crucial in our results and notice right away that it is satisfied by the natural actions of the finite index subgroups of SL(2, Z) on the 2-torus T 2 (cf. [Po01] ). However, no examples of such actions were known in the case of the group F ∞ . The main goal of this paper is to prove the following:
Theorem. For each 2 ≤ n ≤ ∞, there exists uncountably many non orbit equivalent actions of the free group F n , each being free ergodic and probability measure preserving on a standard Borel space.
Our result also applies to every virtually free group, and more generally to every group that is virtually a non trivial free product of infinite amenable groups and all actions in our examples have the relative property (T), thus having at most countable outer automorphism groups. All along the paper, we consider only standard Borel spaces. §1.
¿From the very beginning, the orbit equivalence theory has been strongly connected with operator algebras through the "group measure space construction" [MvN36, , which was the first general way of producing various infinite dimensional von Neumann algebras (even before the "group von Neumann algebra" [MvN43, Sect. 5 
iff they are orbit equivalent [FM77] . This fact establishes a useful equivalence between the study of actions of groups, up to orbit equivalence, and the study of the inclusions of Cartan subalgebras into II 1 factors entailed by such actions, up to isomorphism of inclusions.
The notion of relative property (T) for an action of a group in [Po01] is in fact expressed in terms of its associated Cartan subalgebra, and the terminology used in this functional analytical framework is relatively rigid Cartan subalgebra (or rigid inclusion) A ⊂ M . Inspired by the notion of relative property (T) of KazhdanMargulis for inclusions of groups [Ma82] , [dHV89, p. 16] and by the Connes-Jones definition of property (T) for II 1 factors [CJ85] , this property requires that whenever a completely positive map on M (the operator algebra analogue of a positive definite function) is close to the identity on some "critical" finite subset of M , then it must be uniformly close to the identity on A.
If a Cartan subalgebra A ⊂ M comes from a group von Neumann algebra construction corresponding to an inclusion of groups H ⊂ G = H ⋊ Γ then A ⊂ M is rigid in the sense of Definition 4.2 in [Po01] iff H ⊂ G has the relative property (T) (cf. 5.1 in [Po01] ). This observation gives rise to an important example of an action with the relative property (T), namely the standard action (SL(2, Z), T 2 ), and more generally (Γ, T 2 ) for Γ ⊂ SL(2, Z) a subgroup of finite index (see 5.2.2
• and its proof in [Po01] ). By Fourier transform, it is also the group von Neumann factor M of the natural semi-direct product Γ ⋉ Z 2 , with the Cartan subalgebra A = L ∞ (T 2 ) being identified with the von Neumann algebra of the group Z 2 , giving a rigid inclusion A ⊂ M .
For the proof of the case n < ∞ of the Theorem, we start with the above example of rigid inclusion A ⊂ M in which Γ = F n . Then we use Dye's theorem to write the equivalence relation R 1 implemented by the first of the generators of F n (which one may assume acts ergodically) as a limit of an increasing one parameter family of ergodic hyperfinite equivalence relations R 1,t , for t ∈ (0, 1]. Together with F n−1 , each of the R 1,t gives rise to a free ergodic action α t of F n on T 2 , with strictly increasing group measure space factors A ⊂ M t ⊂ M and M t ↑ M . By a rigidity property [Po01, 4.8] , there is a value c of the parameters after which (c < t ≤ 1) the actions α t have relative property (T), equivalently, A ⊂ M t are rigid. We then use the rigidity of each of these A ⊂ M t to prove that if an endomorphism of M t is close enough to the identity, then it has to be onto. This is done by analogy with the proof that Out(A ⊂ M t ) is countable in [Po01, 4.7] , along the lines of Connes' pioneering rigidity result on the countability of Out(N ) for II 1 factors with the property (T) [Co80] . Thus, by a separability argument as in [Co80] , [Po86] , if uncountably many inclusions (A ⊂ M t ) are isomorphic then one gets an endomorphism M s ≃ M t ⊂ M s close to the identity, thus onto, contradicting M t = M s . The partition of the interval of parameters [c, 1] into the subsets where the factors M t are isomorphic is then composed of finite or countable subsets. For the case n = ∞ of the Theorem we give two distinct proofs, one in the spirit of the above argument for n < ∞, the other showing that the relative property (T) of an action of a groupΓ passes to subgroups Γ ⊂Γ wheneverΓ = Γ ⋊ H with H amenable. §2.
Set I = (0, 1) ∩ Q and I t = I ∩ (0, t], for t ∈ (0, 1]; set G = ⊕ i∈I Z/2Z and G t = ⊕ i∈I t Z/2Z, for 0 < t ≤ 1. This gives a strictly increasing continuum of subgroups of G. • . The restrictions σ t of σ 1 to the subgroups G t * Γ 2 define a strictly increasing family of ergodic equivalence relations S t indexed by t ∈ (0, 1], such that for any s and for any increasing sequence t n ↑ s one has S s = ∪ n S t n . 3
• . The action σ t of G t * Γ 2 is OE to some ergodic free action α t of Γ 1 * Γ 2 . 4
• . Proof. By Ornstein-Weiss' theorem [OW80] , and up to removing a null set, the free action of B has the same orbits as a prescribed free action of C on X, leading to an action of the free product Λ, which has the same orbits as Γ. The equivalence relations defined by the actions, S 1 = S D and S 2 = S B = S C , are in free product in the sense of [Ga00, Déf. IV.9], so that a reduced word in the free product C * D has obviously a set of fixed point of measure zero: Λ thus acts freely.
The associated Cartan subalgebra inclusions define a strictly increasing family of subfactors
A ⊂ M t ⊂ M 1 , 0 < t ≤ 1, such that M t = A ⋊ α t (Γ 1 * Γ 2 ), M 1 = A ⋊ α (Γ 1 * Γ 2 ), and ∪ t<s M t w = M s , for each s ∈ (0, 1]. Lemma 2. Let Γ = B * D and Λ = C * D be
Q.E.D.
Proof of the Proposition 1. By Lemma 2, α is orbit equivalent to a free action σ 1 of G * Γ 2 , where the G-action is its Bernoulli shift on {0, 1} G . The restriction of σ 1 to G t remains ergodic, and the restriction σ t of σ 1 to G t * Γ 2 is free ergodic. The properties of the family S t are now obvious, and another application of Lemma 2 shows that each σ t is OE to a free action of Γ 1 * Γ 2 . The operator algebra statement 4
• follows now immediately, due to the above an [FM77] .
Recall that a Cartan subalgebra A in a factor M is a maximal abelian subalgebra whose normalizer 
In [4.7, Po01], it was proved that if M is a type II 1 factor with A ⊂ M a relatively rigid Cartan subalgebra then the subgroup of automorphism G A ⊂ Aut(M ) that are inner perturbations of automorphisms leaving A pointwise fixed is open and closed in Aut(M ), thus giving rise to a countable quotient group Aut(M )/G A . In particular, if A ⊂ M comes from a free ergodic p.m.p. action α of a group Γ and R denotes the corresponding equivalence relation implemented by α on the probability space, then Out(R) is countable. The next Proposition generalizes this result to the case of endomorphisms of M . 
Proof. Since θ is a unital * -endomorphism, it is completely positive and it preserves the trace (by the uniqueness of the trace on M ). By the definition of relative rigidity it follows that if F , δ > 0 are conveniently chosen then θ(v) − v 2 ≤ 1/2 for all elements v in the unitary group U(A) of A. Thus, if h denotes the unique element of minimal Hilbert norm · 2 in the weakly compact convex set co
, by the uniqueness of h it follows that θ(v)h = hv, ∀v ∈ U(A). By a standard functional calculus trick (as in group representations), if u 0 ∈ M is the partial isometry in the polar decomposition of h then u 0 = 0 and
is easily seen to be a unitary element satisfying uau * = θ(a), ∀a ∈ A. Thus, if we denote θ 0 (x) = u * θ(x)u, x ∈ M , then θ 0 (a) = a, ∀a ∈ A. Let w ∈ N M (A). Then we get
Q.E.D. 
By the separability of the Hilbert space L 2 (M, τ ) and the uncountability assumption on L, it follows that there exists t = s ∈ L such that θ t (x) − θ s (x) 2 ≤ δ, ∀x ∈ F . Assuming t < s and denoting θ = θ t • θ −1
By the above observation (consequence of Proposition 3) this implies M s = M t , a contradiction.
Q.E.D. More specifically, this family of actions is given by the α t of Proposition 1, for a set of parameters representative of the classes [c, 1]/ ∼ in Proposition 4 (2 • ).
Observe that all these equivalence relations have trivial fundamental group, and that they cannot be stably orbit equivalent without being orbit equivalent ( [Ga00] or [Ga01, Cor.
5.7]).
Proof. Let F n ⊂ SL(2, Z) be a finite index free subgroup, and consider its standard action α on the 2-torus T 2 . The following lemma 6 gives a base of F n with at least one ergodically acting element, thus allowing the use of Proposition 1. The family of Cartan subalgebra inclusions given by Proposition 1 satisfies Proposition 4, since α has the relative property (T),
. But non isomorphic factors necessarily come from non OE actions. The countability of the outer automorphism group follows from [Cor. 4.7, Po01].
Q.E.D.
Lemma 6. If Γ is a non cyclic free subgroup of SL(2, Z), then it admits a base of elements whose standard actions on the 2-torus T 2 are individually ergodic.
Proof. The criterion for an element to act ergodically is that it doesn't have a root of unity as eigenvalue, or equivalently that it is hyperbolic when looking at its action on the circle, boundary of the hyperbolic disk. Fact: if a and b are two non commuting elements of infinite order, where a is parabolic, then there exists a power k ∈ Z such that b k a is hyperbolic: let P a be the unique fixed point of a, let P b = P a the first fixed point of b met on the circle from the attracting side of P a and let I be the corresponding interval between them (the case of a common unique fixed point is excluded by non commutativity, then non solvability, of the subgroup generated by a and b). Let J be a closed interval strictly contained in I with end point P b . Then aJ is contained in the interior of I, and up to taking negative powers P b is attracting so that a big enough powers b k satisfies (b k a)J ⊂ Int(J), which is equivalent to hyperbolicity. Finally, starting from a base of Γ, one can successively transform it accordingly to the fact so as to produce a base satisfying the lemma.
Q.E.D. §3.
We now show that the group F ∞ has uncountably many non orbit equivalent actions as well. We give two different proofs of this case, both of which are consequences of Proposition 4: The first one is based on a construction similar to the one (Prop. 1) used in the case F n , n < ∞. The second one is based on a general hereditary property, showing that if an action σ of a group Γ 0 has the relative property (T) and Γ 0 = Γ ⋊ G with G amenable, then σ|Γ has this property as well. Observe that it is in fact enough, by , to get one free ergodic p.m.p. action of F ∞ with countable fundamental group to get uncountably many non OE actions by restriction to Borel subsets of various measures. 1'st Proof. Roughly speaking, we write any action of F 2 as an increasing union of actions of F ∞ . We prove a series of statements similar to Proposition 1, keeping the hypotheses and the notation I, I t , G, G t , Γ 1 , Γ 2 , α, σ 1 from there. For t ∈ (0, 1), define Λ t to be the kernel of the natural epimorphism G * Γ 2 → G/G t ≃ ⊕ i∈I,i ∈I t Z/2Z. Clearly, G * Γ 2 is the strictly increasing union of the normal subgroups Λ t , t ∈ (0, 1). The restrictionsσ t of the action σ 1 =σ 1 to the subgroups Λ t are ergodic on G t and define a strictly increasing family of ergodic equivalence relationsS t , with the same properties as S t .
On the other hand, Λ t ≃ G t * ( * j∈N Γ 2 ): the quotient of the Bass-Serre tree of G * Γ 2 by Λ t is a graph of groups made of a set of vertices of degree 1, indexed by g ∈ G/G t with vertex groups g −1 Γ 2 g, all connected to one "central" vertex with vertex group G t . By lemma 2,σ t is OE to some ergodic free actionα t of Γ 1 * ( * j∈N Γ 2 ). In the case
Then, exactly as in Corollary 5, we start with a relative property (T) action of F 2 , with an ergodically acting generator, and apply Proposition 4 to the associated Cartan subalgebra inclusions A ⊂ A ⋊α t F ∞ ⊂ A ⋊ α F 2 . The countability of the outer automorphism group again follows from [Cor. 4.7, Po01], but observe that in this construction, by normality of Λ t , the outer automorphism group of Rα t ,F ∞ contains G/G t . Contrary to the finitely generated case, it is unclear whether its fundamental group is trivial. It is anyway countable (see Corollary 9).
2'nd Proof. By Proposition 1 and Proposition 4, we only need to show the existence of a free p.m.p. action of F ∞ on the probability space with the relative property (T) such that one of the generators acts ergodically. Write F 2 as F ∞ ⋊ Z. We claim that the restriction to F ∞ of the standard action σ of F 2 on T 2 satisfies the required conditions. Indeed, by Lemma 6, all generators of F ∞ can be chosen to act ergodically on T 2 . The relative property (T) of σ |F ∞ is then a consequence of the following: Proposition 8. LetΓ be a group of the formΓ = Γ ⋊ H, with H amenable. Let σ be a free ergodic p.m.p. action ofΓ on (X, µ). Then σ has the relative property (T) iff σ |Γ has this property.
A ⊂M is clearly rigid. Conversely, assume A ⊂M is rigid and letF =F (ε/16) ⊂M ,δ =δ(ε/16) > 0 be so that ifφ is a completely positive map onM with τ •φ ≤ τ ,φ(1) ≤ 1 and φ (x) − x 2 ≤δ for any x ∈F then φ (a) − a 2 ≤ ε/16, ∀a ∈ A, a ≤ 1. By the amenability of H, it follows that there exists a finite subset K ⊂ H such that
By using again the amenability of H, by the Ornstein-Weiss Theorem [OW80] it follows that for anyδ > 0 there exists a finite group H 0 = ⊕ j (Z/2Z) j and unitary elements {v g } g∈H 0 in the normalizer of A in N which implement a free action of H 0 on (X, µ) such that each u g , g ∈ K, is ε/64-close to an element u
Thus, if we denote by
the fixed point algebra of the action of H 0 on A implemented by the unitaries v g , then A can be decomposed as A = A 0 ⊗ A 1 with A 1 generated by unitary elements
There exists δ > 0 such that if φ is a completely positive map on M with
Moreover, δ can be chosen small enough so that we also have
min{δ,δ, ε/4} and will show that if φ is a completely positive map on M such that
To see this, note first that if we putφ(x)
∈M thenφ is a completely positive map onM with τ •φ ≤ τ,φ(1) ≤ 1. Moreover, by (1) and (3), for each x ∈F (ε/16) we have the inequalities:
Thus, φ (a) − a 2 ≤ ε/16, ∀a ∈ A, a ≤ 1. Since for a ∈ A we havẽ
and u g − u ′ g 2 ≤ ε/64, this implies that for a 0 ∈ A 0 , a 0 ≤ 1 we have:
Thus, with the notations in (1.1.2 of [Po01] ), by using part 4
• of (Lemma 1.
, ∀h ∈Ĥ 0 , as well. This implies ξ φ is ε/2-close to a vector ξ ∈ H φ that commutes with both U(A 0 ) and the group {w h } h .
Since U(A 0 ) and {w h } h generate A, it follows that ξ commutes with all the elements in A. Thus, [a, ξ φ ] 2 ≤ ε/2, ∀a ∈ A, a ≤ 1. By (part 2
• of Lemma 1.1.3 in [Po01] ), this implies φ(a) − a 2 ≤ ε, ∀a ∈ A, a ≤ 1.
Remarks 9. 1
• . Note that in the above we have actually proved a slightly more general statement, namely: Let M be a II 1 factor with A ⊂ M a relatively rigid Cartan subalgebra. Let A ⊂ N ⊂ M be an intermediate subfactor such that M = N ⋊ σ H for some free action of an amenable group H on N , with the property that σ h (A) = A, ∀h ∈ H. Then A is relatively rigid in N as well. Recall now from Section 6 in [Po01] that a Cartan subalgebra A of a II 1 factor M is called HT s if in addition to A ⊂ M being a rigid inclusion, one has that M has the property H relative to A, i.e., there exists a sequence of unital completely positive A − A bimodular maps φ n on M that tend to the identity in the point · 2 -topology and are compact relative to A (cf. 2.1 in [Po01] ). A II 1 factor M is in the class HT s if it has such a HT s Cartan subalgebra.
The property H of M relative to A is automatically satisfied whenever M comes from a "group measure space construction", M = L ∞ (X, µ) ⋊ α Γ, with Γ a group satifying Haagerup's compact approximation property and α a free ergodic measure preserving action of Γ on the probability space (X, µ). Thus, since all subgroups Γ of SL(2, Z) do have Haagerup's property, A ⊂ M is in this case a HT s Cartan subalgebra. We then have:
Corollary 10. For each 2 ≤ n ≤ ∞ there exists an uncountable family of mutually non isomorphic II 1 factors of the form L ∞ (X, µ) ⋊ F n , all in the class HT s . Moreover, in the case n < ∞ these factors are non-stably isomorphic and have trivial fundamental group, while in the case n = ∞ they have countable fundamental group.
Proof. By the above comments and [Po01] , all actions α t of F n , 2 ≤ n ≤ ∞, considered in the proof of Corollaries 5 and 7, give rise to factors M t = L ∞ (T 2 , λ) ⋊ α t F n in the class HT s . By Proposition 4, not only the actions α t are not orbit equivalent (modulo countable sets), but even the factors M t are non-isomorphic. Since for n < ∞ by [8.6.2
• , Po01] they all have the same ( = 0, ∞) first ℓ 2 HT -Betti number, β HT 1 (M t ) = n − 1, ∀t, they cannot be stably isomorphic either.
To see that in the case F ∞ these cross-product factors still have countable fundamental group, note that, more generally, if A ⊂ M is a HT s Cartan subalgebra inclusion then by (6.6 in [Po01] ) A⊗A ⊂ M ⊗M is also a HT s Cartan inclusion, thus by (6.7 in [Po01] ), Out HT (M ⊗M ) is countable. The same argument as in [Co80] then shows that all isomorphisms of the form θ t : M ≃ M t for t = 1 give rise to distinct non-trivial elements θ t ⊗ θ −1 t in Out HT (M ⊗M ). Thus, the fundamental group of M , F (M ) follows countable as well.
Corollary 11. Corollary 7 applies equally well with, instead of the group F n , any countable discrete group Γ that is virtually a non trivial free product Λ of infinite amenable groups.
Recall that a group is virtually of a certain kind if it contains a finite index subgroup of that kind. The non triviality hypothesis aims to avoid Λ ≃ Λ * {1}. Proof. It relies on the fact that actions of Γ may be produced from actions of F n . Let Λ be a finite index subgroup of Γ, then the usual suspension construction associates, to each free p.m.p. action of Λ on some standard Borel space X, a stably orbit equivalent free p.m.p. action of Γ (given by right multiplication on itself) on the diagonal action quotient Λ\(X × Γ). If the Λ-action is ergodic, then so is the Γ-action. Two non OE Λ-actions lead to two non OE Γ-actions.
By hypothesis, Λ may be chosen to be a free product H 1 * H 2 * . . . of n ∈ {2, 3, . . . , ∞} infinite amenable groups. Start with an uncountable collection of free p.m.p. actions of F n given by corollary 5 or 7. Observe that in both constructions, one may assume that F n is given with a base of elements that act individually in an ergodic manner.
Then up to removing at most countably many times a null set, as in lemma 2, one can replace each cyclic factor in the decomposition of F n by one H i . This leads to uncountably many free p.m.p actions of Λ.
